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Self-Adaptive Ditferential Evolution-Enhanced
Quality-Diversity Optimization for Distributed
Flexible Job-Shop Scheduling With Transportation

Haoxiang Qin, Yi Xiang*”, Yuyan Han

Abstract—Distributed Flexible Job Shop Scheduling with Trans-
portation Constraints (DFJSP-T) is widely used in manufacturing
workshops across various industries, as it more accurately rep-
resents real-world production scenarios. However, many existing
studies do not fully leverage critical problem features or domain
knowledge, limiting the ability of current algorithms to find high-
quality solutions for complex large-scale problems. To address these
challenges, this paper proposes a Self-Adaptive Differential Evo-
lution Enhanced Quality-Diversity Optimization (SADE-QD). The
SADE-QD incorporates domain knowledge in three main ways: (1)
it models the problem using machine idle and job transportation
features, allowing the algorithm to retain solutions with diverse
behaviors; (2) it introduces a knowledge-guided heuristic search
strategy based on critical path to discover more high-quality solu-
tions; and (3) it applies an self-adaptive differential evolution search
method that leverages machine idle and transportation features to
explore a broader range of solutions. This helps valuable informa-
tion from the feature space contribute directly to the search process.
Experiments on small, medium, and large scale benchmarks show
that SADE-QD achieves an average makespan reduction of 12%
compared to several recent state-of-the-art algorithms.

Index Terms—Distributed flexible job shop scheduling, trans-
portation, quality-diversity optimization, differential evolution.
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1. INTRODUCTION

HE Distributed Flexible Job Shop Scheduling Prob-

lem (DFISP) extends the traditional Flexible Job Shop
Scheduling Problem (FJSP) and is widely applied in modern
manufacturing [1], [2]. It integrates job assignment and trans-
portation scheduling across independent machines, enabling
flexible resource allocation and greater adaptability [3], [4].
Each job comprises multiple operations that can be processed by
various machines [5], and jobs are distributed among multiple
factories to better respond to demand fluctuations, shorten pro-
duction cycles, and enhance customer satisfaction [6], [7], [8]. In
DFIJSP, processing and transportation are interdependent: opera-
tions cannot begin until the required transport is completed, and
subsequent transport tasks depend on prior operations. There-
fore, to optimize the overall production system, processing and
transportation must be addressed in a coordinated and integrated
manner [9].

In modern manufacturing scheduling [10], [11], [12], [13],
incorporating problem features and knowledge is critical for
improving machine utilization and overall production efficiency.
Neglecting these factors can lead to unrealistic models, subop-
timal resource allocation, and reduced performance [14]. For
example, Qin et al. [15] demonstrated that identifying job trans-
portation and machine idleness as key features, and designing
heuristics based on transportation characteristics, can enhance
scheduling flexibility while reducing energy consumption. Sim-
ilarly, Pan et al. [16] highlighted the importance of minimizing
machine idle time and transport delays by leveraging domain
knowledge to adapt to dynamic production conditions. Addi-
tionally, in practice, schedulers must also consider the flexible
demands of actual production. One effective approach is to
generate solutions with diverse characteristics [17]. Studies have
shown that real-world environments, such as machining plants in
Nanjing, China [18], and coal machinery workshops [19], often
require a variety of scheduling strategies to cope with chang-
ing operational conditions. Li et al. [20] further demonstrated
that offering a range of tailored solutions enables schedulers
to reduce idle times and adapt decisions to specific scenarios.
By exploring diverse solution sets, decision-makers can better
balance trade-offs and select schedules aligned with varying
production needs [21], [22], [23].

As scheduling problems grow in complexity, manual
approaches can no longer meet the demands of modern
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production [24]. To enable automated scheduling, many studies
have formulated FJSP and DFJSP as mixed-integer linear pro-
gramming (MILP) models [25], [26], [27], [28]. However, these
models are limited to small-scale instances due to combinatorial
explosion, making it challenging to obtain efficient or even
feasible solutions for larger problems within reasonable time.
To overcome this, meta-heuristic algorithms have been widely
adopted and have shown strong performance in optimizing
scheduling decisions [21], [29], [30], [31], [32], [33], [34], [35],
[36], [37], [38], [39], [40], [41], [42], [43], [44], [45]. Despite
their success, these methods often overlook important problem-
specific features and domain knowledge, such as machine idle
time and job transportation. As a result, their adaptability to
the diverse and dynamic requirements of real-world production
remains limited [19].

To address the limitations of existing methods and bet-
ter meet the flexibility demands of real-world manufacturing,
Quality-Diversity (QD) optimization [46], [47] offers a promis-
ing avenue. By leveraging domain-specific features and problem
knowledge, QD guides the search toward high-quality solu-
tions while encouraging behavioral diversity, thus promoting
cooperation among solutions and helping escape local optima.
However, traditional QD frameworks often lack effective vari-
ation strategies, which restricts their exploitation ability. To
overcome this, we integrate differential evolution (DE) opera-
tors [48] into QD. DE exploits promising individuals to generate
offspring and facilitates collaborative, targeted evolution across
the feature space. Combined with a self-adaptive mechanism that
dynamically adjusts the search based on population feedback,
the approach becomes well suited for the complex DFJSP-T.

To better solve DFJISP-T, we propose a Self-Adaptive Dif-
ferential Evolution-enhanced Quality-Diversity Optimization
(SADE-QD). The approach uses the widely adopted MAP-Elites
framework [49], which has demonstrated strong performance
across robotics [50], [51], gaming [52], [53], and software
testing [54], [55]. Unlike existing DFJSP-T algorithms, which
mainly rely on traditional metaheuristics that operate only in
the decision space, our method reformulates DFJSP-T as a QD
optimization task in feature space. This changes the goal of the
search. Instead of finding a single optimal schedule, the algo-
rithm maintains and evolves a set of behaviorally diverse sched-
ules at the same time. Existing most DFJSP-T approaches do not
build or utilize the feature space, and they do not exploit interac-
tions across different behavioral regions. In contrast, SADE-QD
introduces a theoretically supported feature space, a MAP-Elites
grid archive, and a self-adaptive DE collaboration mechanism
that guides evolution based on behavioral information. These
designs create a fundamentally different optimization process
compared with previous DFJSP-T research.

The core difficulty in extending MAP-Elites to DFJSP-T is
the design of meaningful features. Prior work [17] suggested
using job transportation and machine idle times for FISP-T, but
provided no theoretical justification. This study fills that gap by
formally proving the rationality of these two features and by
building the QD model upon this theoretical foundation. Based
on this, our contributions focus on three aspects:

® (0D Reformulation with Proven Behavioral Features: This

work models DFJSP-T as a QD optimization problem,

providing a novel perspective on its formulation. We theo-
retically formalize and prove the necessity and sufficiency
of using machine idle time and job transportation times
as behavior features in QD optimization for DFJSP-T.
This provides a principled feature space for MAP-Elites,
enabling the algorithm to preserve and explore structurally
distinct scheduling solutions that conventional methods
cannot represent.

e Feature-Diverse Evolutionary Framework: Unlike tradi-
tional algorithms that explore toward the search space,
the proposed QD paradigm maintains diverse features and
exploits cooperation among feature space. This diversity
forms a multi-modal search landscape that improves explo-
ration and avoids premature convergence. Our analysis fur-
ther shows that most successful and high-quality updates
arise from neighboring feature solutions rather than from
the solution itself, highlighting the cross-cell evolutionary
synergy enabled by QD.

e Self-Adaptive Feature-Guided DE Co-Evolution: We in-
troduce a self-adaptive differential evolution mechanism
that co-evolves the solution vectors under the guidance
of MAP-Elites’ transportation—idle (T&I) feature space.
The strategy no longer depends solely on stochastic muta-
tion. Instead, it progressively shifts solutions toward elite
behavioral feature regions with lower transportation and
machine idle times. This creates a closed feedback loop:
vector perturbations change the behavioral features, and
the resulting elites guide the next round of perturbations.
The synergy across different behavioral regions enables tar-
geted exploitation while preserving diversity, with 74.8%—
89.8% of the obtained solutions outperform state-of-the-art
methods.

The remainder of this paper is organized as follows. Section II
reviews related work on FISP, DFJSP, and QD optimization.
Section III performs feature selection and validation, and models
DFISP-T as a QD optimization problem. In Section IV, the pro-
posed SADE-QD algorithm is described. Section V shows the
results and analysis of SADE-QD. Finally, Section VI concludes
the paper and suggests future research directions.

II. RELATED WORK

To contextualize the necessity and novelty of the proposed
algorithm, this section critically reviews existing literature on
complex FJSPs and DIJSPs, then subsequently explores the
potential of QD optimization in addressing these recognized
challenges.

A. Flexible Job Shop Scheduling

FJSP has been studied for decades [24], [29], [56]. Within
FISP, each operation has the flexibility to be executed on any
machine from the available set [30]. To address this problem,
researchers have formulated it as an optimization problem,
either single-objective or multi-objective, and applied various
meta-heuristic algorithms. Meta-heuristic approaches such as
Particle Swarm Optimization (PSO) combined with Genetic
Algorithms (GA) [31], [32], hybrid GA [40], [57], and hybrid
variable neighborhood search (VNS) [37] are widely utilized for
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the FISP. Additionally, algorithms utilizing small populations,
including the two-individual master-apprentice Evolutionary
Algorithm (EA) [33] and the single-individual iterative greedy
algorithm [3], have demonstrated promising performance for
solving FJSP. Several studies have also explored FISP under
specific constraints. For example, Zhang et al. [34] investigated
the FISP with assembly constraints, integrating multiple flexible
and assembled stages. For other complex constraints, such as
the mating operation in FJSP, Zhang et al. [35] suggested a
knowledge-based cuckoo search approach. To optimize multiple
objectives simultaneously in the presence of job arrivals, An
etal. [41] leverages a non-dominated sorting genetic algorithm-
IIT approach. Furthermore, numerous high-performing evolu-
tionary algorithms have been developed to handle FISP with
fuzzy constraints, aiming to achieve high-quality solutions while
minimizing energy consumption [37], [42], [58]. A comprehen-
sive review of FISP methods can be found in [59].

Although these approaches have achieved remarkable suc-
cess, they fail to take into account the transportation constraints
and distributed scheduling environment of FJSPs. In addition,
the above methods have difficulty in continuing to generate more
diverse solutions in the later stages of evolution, thus making it
difficult to meet the flexibility requirements of organizations.

B. FJSP With Distributed Environment and Transportation
Constraints

With the shift from centralized to distributed production, the
DFJSP has emerged as an extension of FJSP to address the
added complexity of distributed environments. Various methods
have been proposed to solve DFJSP, including an improved
genetic algorithm that enhances solution quality by refining
the most promising individuals [36]. In [26], four mathematical
models of DFJSP were suggested to optimize the makespan. Luo
etal. [43] considered job transfers across factories and presented
the Memetic Algorithm (MA) to optimize multiple tasks. Later,
they addressed worker arrangement constraints and applied an
enhanced MA to address the DFJSP [21]. In [22], [39], Deep
Q-networks Co-Evolution (DQCE) and a Surprisingly Popular
Based Adaptive MA (SPAMA) were proposed for address-
ing the DFJSP. Additionally, some studies have incorporated
both distributed environments and lag time considerations in
DFISP [38], [44]. It should be noted that during transportation
and loading process, the machine’s state is often assumed to be
idle by default, whereas in practice, lag time should be accounted
for to improve scheduling accuracy [14], [60].

It is crucial to highlight that, for the above studies, the
utilization of domain knowledge and problem features (e.g.,
distributed factories, the state of machine transportation, and
machine idle time) are limited. Addressing these limitations
requires more flexible and adaptable optimization approaches
that can accommodate the evolving requirements of real-world
distributed production systems.

C. Quality-Diversity Optimization

As discussed earlier, QD optimization [46], [47] represents
a paradigm in evolutionary algorithms, focusing on simulta-
neously exploring the feature space and optimizing objective

TABLE I
SYMBOL DEFINITIONS OF DEJSP-T

Symbols  Descriptions
k Index of machine
j Index of operation
i Index of job
f Index of factory
l Total number of factories
n Total number of jobs
Nmax Total number of operations across all jobs
m Total number of machines in each factory
w; Number of operations associated with job 4
F Set of factories, where F' = {1,..., f,...,l}
I Set of jobs, where I = {1,...,i,...,n}
M Set of machines, where M = {1,...,k,...,m}
Ji Set of operations for job ¢, where J; = {1,...,j,...,wi}
My Set of machines in factory f, My ={1,...,k,...,ms}

O;.j Operation j in job @

T fok Processing time for O; ; on machine k in f
M; ;.5 Set of machines available for operation O; ; in f
TR; e  Transportation time between machines k and k' for O; ;
Cij Completion time of O; ;
Crax Makespan
St Start time for operation O; ; in factory f

functions measured by user-defined metrics [61]. These metrics,
known as features or behavior descriptors, are numerical vectors
that characterize solution properties and define a corresponding
feature space. For example, in robotics, the objective might be
speed, while features could include weight and height, forming
a three-dimensional space. The goal of QD is to identify the
best-performing solution for each region within this feature
space. MAP-Elites [49], a widely used QD algorithm, discretizes
the feature space into a grid and aims to fill each cell with the
highest-quality solution for its corresponding features. Starting
from a randomly generated population, solutions are evaluated
and placed into the grid. Iteratively, selected solutions undergo
mutation to produce new candidates, which are added to the grid
if they occupy an empty cell or outperform the current occupant.
This process promotes both diversity and local refinement within
each cell. Although MAP-Elites has been applied successfully
in fields such as robotics, gaming, and software testing, QD
optimization remains largely unexplored in job shop schedul-
ing. This paper pioneers its application to DFJSP-T, leveraging
solution diversity and adaptability to address the complexity of
distributed production environments.

III. QD OPTIMIZATION MODEL FOR DFJSP-T

This section begins with a description of the DFJSP-T. When
applying QD to DFJSP-T, besides the objective function, the
definition of the feature space is crucial as it directly affects the
quality and diversity of the solutions. However, the selection
of features should not be arbitrary and needs to be supported
by a specific properties or theories. To justify the use of job
transportation and machine idle times as features, we verify
three formal properties of the DFJSP-T. On this basis, it lays the
theoretical foundation for the subsequent design of algorithmic
frameworks.

A. Problem Description

To better describe the problem, Table I lists the following sym-
bols. The optimization objective is to minimize the makespan
C'naz (completion time of the last operation). In DFJSP-T, there
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are n jobs to be processed in [ factories with different processing
capabilities. All jobs must be assigned to one of the [ factories.
For each operation j of job 7 (denoted O; ;), a machine k& must
be selected form a set of available machines within the assigned
factory. Each factory is an a FJSP containing m machines. The
standard processing time 75 ; ¢ of O; ; in factory f on each
machine & for different operations is known in advance. Setup
times are either negligible or assumed to be included in the
processing time. Preemption or interruption of an operation in
progress is not allowed. After an operation is completed on a
machine, it may need to be transported to another machine within
the same factory for further processing. The transportation time
TR; j i,k is determined by the distance between machines.

B. Preliminaries for QD Optimization

QD optimization focuses on identifying a set of diverse and
high-quality solutions within a given feature space. Let D and
B represent the decision and feature space, respectively. In this
context, the goal is to minimize the objective function f(x).
The general mathematical formulation for QD optimization is
as follows:

Vbe B, 2" =argminf(x),

xeD

st.b,=b 1

where b, = (by(z), ba(x),...,b.(x)) denotes the feature vec-
tor of solution = € D, by(z), ¢ =1,...,r represents the ¢-th
feature; » > 1 indicates the dimensionality of the feature space.
As outlined in [47], QD seeks to identify the optimal solution
x* for each cell within B. For DJIFSP-T, D represents the set of
operation sequences, machine selections, and factory allocation
orderings. In the following subsections, this paper illustrate how
to instantiate the main components of the QD optimization
model and apply it to DFJSP-T. This includes specifying the
f(z) and defining the feature space 5.

f(x) quantifies how the solution x addresses the DFJSP-T. In
this study, f(x) is defined as the makespan, which is expressed
as follows:

fz) =

max

Ciw,
i€{1,2,...,n} "

@)
where C; ,,, represents the completion time of the final operation

w; in job i. {max }Ci_w,i indicates finding the makespan for
ie{1,2,...,n}

the last operation of all jobs.

C. The Defination of Feature Space

The feature space comprises one or more user-defined be-
haviors that characterize how a solution addresses the problem.
In this paper, we define the number of machine idle times
(num_idle) and job transfers (num_trans) as the two features
constituting the feature space B. These features are selected
because the completion time of an operation is jointly influenced
by processing time, transportation time, and machine idle time.
Since processing time is fixed, variations in completion time
primarily result from differences in transportation and idle times
caused by scheduling decisions.

Focusing on only one feature, such as machine idle time,
may not accurately reflect its influence on completion time.
This will be formally validated in the following properties. In
general, more job transfers and idle periods tend to increase
completion time and prolong the makespan [17]. However, in
extreme cases where all operations are assigned to a single
machine to minimize transfers, other machines may remain idle,
leading to an excessively long makespan. Therefore, considering
both machine idle time and job transportation is essential for cap-
turing their combined effect on completion time. We now present
and prove the key propositions that establish this relationship.
Property 1. Necessary conditions for job completion: The
completion time C; ; depends on both machine idle time and
Jjob transportation time. These features are tightly coupled and
Jjointly determine when processing can begin. Neglecting either
renders the computation of C; j incomplete or incorrect.
Proof: 'We prove by contradiction that machine idle time
and job transportation time are jointly necessary for correctly
computing the C} ;:
® [gnoring machine availability: Assume the computation
of O; ; excludes machine available time M. Let C; j_;
be the completion time of the preceding operation and
TR; i be the transportation time to machine £'. If
M, > Ci j_1 + TR; j i, Where M, is the earliest avail-
able time of machine £, then the actual start time .S; ;
must satisfy .S; ; > M. Omitting M; would imply S; ; =
Cij—1 +TR; j 1w, which violates machine availability.
Thus, idle time is essential for determining C; ;.

® Jgnoring job transportation: Assume transportation time
TR; j i,k is omitted. This implies that the job is consid-
ered instantly available at machine &’ upon completion
of Oi,j—la ie., Si,j = Ci,j—l' However, if TRi,j,k,k’ > 0,
this leads to an infeasible start time, since the job has not
yet arrived. In reality, O; ; cannot start before C; ;1 +
TR; j i,k - Therefore, ignoring transportation time violates
the constraint S; ; > C; j—1 + T'R; j i,x, making it essen-
tial for correctly determining Cj ;.

Property 2. Sufficient conditions for job completion: Given
the machine idle time and job transportation time, along
with the known processing time, the completion time Cj
of operation O;; is uniquely determined. That is, once
the earliest available time of the machine and the ar-
rival time of job are known, C;; can be computed without
ambiguity.

Proof: Under the assumptions of non-preemptive schedul-
ing, no setup time, and active scheduling (i.e., operations are
not delayed beyond their earliest feasible start), the start time of
0;,; is governed only by the two constraints discussed (machine
availability and job transportation). Once these constraints are
satisfied, O; ; can begin immediately.

Under our assumptions, operation O; ; can begin only when
both conditions are satisfied, no additional condition conflicts
exist. Thus, the start time is:

Sij= max{ M, Cij-1+ TR@j,k’k/}

Given the known T ; 1., the completion time is:

Cij=Sij+Tijr=max{My,C;j1+TR;ijnw}+
Ti g
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All components on the right-hand side are either known inputs
or derived from prior operations. No other factors affect .S ;
under the given assumptions. Hence, machine idle time (through
M) and job transportation time T'R; ;1 are sufficient to
uniquely determine Cj; ;.

Property 3. Quantitative relationship for job completion:
Given the predecessor completion time C; j_1, machine avail-
ability time My, and transportation time T'R; ; 1, 1, the comple-
tion time of O; j can be computed as C; j = max{M;,C; j_1 +
TRijkw}+ Tijw-

This formula quantitatively shows the contribution of any ma-
chine idle time and transportation time to C; ;. Let the machine
idle time before O;; be defined as Ip = max{0, (C; ;-1 +
TR jkw)— Mg }. The duration which machine k remains idle
while waiting for the job to arrive. If the job arrives after the avail-
able machine, Ip > 0; otherwise, /o = 0. Similarly, define the
job waiting time as: Wo = max{0, M; — (C; j_1 + TR; j k.x')
}, which indicates the time the job waits at machine &’ for it to
become available. If the machine is already available upon job
arrival, then Wy = 0. By definition, at most one of Ip or Wy
is positive, and they never overlap. Using these quantities, the
start and completion time can be reformulated as:

Sij=Mi+1Io = (Cij1+TR;jkw)+Wo,

Cij=8ij+Tijw=M+Io+T = (Cij-1+
TRi,j,k,k’) + Wo + Ti,j,k:’-

This equation clearly reveals the dependency structure. If
the job arrives after the machine becomes available (/o > 0,
Wo = 0), then C; ; = (Cm‘_1 + TR,;J,k-,k/) + T} j 1, and the
machine experienced an idle period Io (which does not delay
C; ; beyond the arrival time). Conversely, if the machine be-
comes available after the job arrives (Wp > 0, Ip = 0), then
Cij = My + T ; , and the completion is pushed out by the
waiting time W (the job waits until time //;). In both cases, any
increase in T'R; j 1. v (longer transportation) directly increases
the waiting/idle interval and thus delays C; ;, any delay in
machine availability (larger M, relative to C; ;1 + T; ; 1) also
directly delays C; ;. Quantitatively, this relationship is expressed
as:

® Monotonicity: C;; is non-decreasing in both M; and
TR; j k- An increase in transportation time T'R; j 1 i
either directly increases C; ; (if the machine was waiting)
or simply increases Io (if the machine was free early,
C;,j doesn’tchange until T'R; ; 1. v exceeds My — Cj ;_1).
Similarly, a delay in machine free time M; either directly
increases C; ; (if the job is waiting) or increases Wo (if
the job arrives early).

e Additive impact: The difference between C;; and the
sum (C; -1 +T; ) (which would be the comple-
tion time if there are no transportation or machine idle
needed) is exactly the effective waiting time max Io, Wp
caused by these factors. In fact: C;; — (Cij-1+
Ti,j,k’) = max{Mt — Ci,jflaTRi,j,k,k:’}a which is either
the machine-induced delay or the transportation delay,
whichever is larger. This underscores that C; ; is extended
beyond C; ;1 + T; ;i precisely by the presence of a
transport time and/or a machine busy delay.

Proof: The core relationship C;; = max{M;,C; j_1 +
T; i} + T j i is derived earlier from the fundamental schedul-
ing constraints. Here we provide a clear derivation and interpre-
tation:

Derivation of the Formula: By definition, S;; =
max{M,C; j_1 + TR, jpw}. This is simply a restatement
of the fact that O; ; cannot start until both the machine is
ready at M, and the job has arrived at C; j_1 + TR j i
Thus, whichever of these two time is later will decide S; ;.
Once started, O; ; completes after its processing time Tj ; i/,
giving C;; = S;; + 14 immediately. This establishes
C@j = maX{Mt, Ci,j—l + TRi,j,k,k’} + T ;5 as claimed.

We introduce /o and Wy to distinguish two scenarios:

o If M; < C; -1+ TR; ;. the machine is idle first and

waits for the job. In this case Io = (C; j_1 + TR j ki) —
M; >0 and Wp = 0. The start time S; ; = C; j_1 +
TR; j ik (job arrival), and the machine idle time I does
not add to the timeline beyond S; ; (it’s a gap before O; ;
starts). The completion time simplifiesto C; ; = (C; j_1 +
TR; jw + Tk Here TRy o directly delays C;
while the machine idle do not further delay completion
(it only indicates the unused time of the machine).

o If My > C; j—1 + TRy j i x, the job arrives first and waits
for the machine. In this case Wo = M, — (C; ;-1 +
TR jkw) >0 and Ip =0. The start time S; ; = M,
(machine ready time). The waiting time W, represents the
delay caused by the machine not being available when the
job is ready. It directly leads to the delay of C; ;. The com-
pletion time becomes C; ; = M; + T} ; ;», which can be
rewritten as C; j = (C; j_1 + TR, j o w) + Wo +T; j 1.
Here the transportation time 7; ; ;v does not delay C; ;
beyond M, (since the job is ready earlier), but the busy
processing of machine delays C; ; by Wo.

Combined impact: The formula C; ; = M, + 1o + T j 1w =
(Cij-1+TR; j i)+ Wo+T; ;, unifies both scenarios. It
explicitly includes both T'R; ; 1. »» and either an idle interval 1o
or a waiting interval Wy (one of which will be zero). This gives
a quantitative measure of how much later C; ; occurs compared
to the ideal case of starting immediately after O; ;_; on an idle
machine. As noted, the maximum of M; and C; j_1 + T'R; j 1 i
determines the delay. For example, if the transportation time
TR; j 1w increases while all other factors remain fixed, the com-
pletion time C; ; may increase—especially when the machine is
available and idle, as the job takes longer to arrive. However, if
the machine is the bottleneck (i.e., still busy), C; ; may remain
unaffected until the increased transportation time exceeds the
original job waiting time W . Similarly, if the machine becomes
available later (i.e., M; increases), this leads to a longer Wy
if the job has already arrived. But if the transportation time is
the bottleneck, C; ; remains unchanged until M, surpasses the
arrival time of the job, whichis C; j_1 + T'R; j 1. In all cases,
C; ; is exactly T; j i» plus the larger of the two delay factors
Mt — Ci’jfl and TRi,j,k,k’~

Thus, Property 3 provides the explicit formula relating C; ;
to machine idle and transportation time, and the reasoning
above confirms that this formula correctly captures the influence
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Fig. 1.  Gantt chart of the DFJSP-T.

(or lack thereof) of each factor in all cases. This quantitative rela-
tionship completes the understanding of how C; ; is determined
by these two critical features.

Based on the above properties, we choose with machine idle
and job transportation as the key features for constructing the
QD optimization problem. For the convenience of discretized
representation, we use their times as a measure of feature
variance. An unbounded feature space can lead to significant
computational overhead, potentially rendering QD optimiza-
tion intractable. To manage this, we specify lower and upper
bounds (b, ub for the feature space 5. Specifically, the features
num_idle and num_trans are constrained within the range
[1b, ub], where (b = 0 and ub = n,,,4.. As a result, the feature
space B is discretized into (ub-Ib)? grid cells, and the algorithm
maintains the best-performing solution in each cell. The values
of [b and ub are set manually, depending on the decision maker’s
preference or the problem scale. For instance, in a problem
with 50 operations, the maximum number of machine idle or
transportation times cannot exceed 50. Therefore, ub = 50 is a
reasonable upper bound, while the lower bound remains 0, as
neither machine idle time nor job transportation time can be
negative.

D. lllustrative Example for QD Optimization

The following example illustrates the problem, helping to
clarify the decision space, objective function, and feature space.

Consider a scenario with [ = 2 factories, where each factory
is equipped with a FISP structure comprising 3 machines. There
are n = 8 jobs, including operations with a total of 7,44 = 25
that need to be processed on machines in these two factories.
Fig. 1 illustrates the Gantt chart for the DFISP-T. Operations
for the same job are depicted in the same color, while light
brown represents transportation time of jobs. The feature space
consists of two features: num,_idle and num_trans. From the
Gantt chart, num_zidle is 8, num_trans is 14. Therefore, the
corresponding storage coordinate of this scheduling scheme in
the feature space is (8,14). Additionally, the maximum comple-
tion time Cl,,x (determined by the critical factory 2) for this
schedule is 20.

Algorithm 1: The framework of SADE-QD.

Input: batch, Ib, ub
Output: grid A(includes P and X')

: A < Generate_Grid(lb, ub)

:fori <~ 1 to batch do

a + random_solution()

Add_to_grid(P, X, )

: end for

: while The stopping criterion is not met do

for i < 1 to batch do
2+ SADE — CM(A)

/I Apply self-adaptive DE-enhanced collaborative
mutation strategy to generate diverse and high-quality
solutions.

9: Add_to_grid(P, X, 2)
/I Evaluate and update the grid archive A.

10:  end for

11: end while

A A T

IV. SADE-QD FOR THE DFJSP-T

Based on the properties derived in the preceding section,
this section will construct a feature space using num_idle and
num_trans, and design the SADE-QD algorithm framework
accordingly. The proposed SADE-QD employs a grid archive
to maintain diverse solutions within the bounded feature space
B, as defined in Section III-C. B is discretized into multiple
cells, each corresponding to a behavioral niche. A high-level
overview of SADE-QD is provided in Algorithm 1, with detailed
components explained in the following sections.

A. Initialization

At the beginning of the procedure, the batch size and feature
space bounds [lb, ub] are provided as inputs. In Line 1 of
Algorithm 1, an empty archive A (includes performance set
P and coordinate set X') is initialized as a 2D matrix of size
(ub-1b)?, consistent with the discretized feature space defined in
Section III-C. All entries are initialized as null, which indicates
that no solutions have been stored in the grid. In Lines 3-4, a
batch of individuals is randomly generated and added to the
grid. Each solution = consists of three concatenated vectors:
1) Operation Sequence (OS, 7), 2) Machine Selection (MS, 1),
and 3) Factory Assignment (FA, 7). The vectors 7 and ¢ share the
same length, which equals the total number of operations 7,4x.
The vector 7 has length n, corresponding to the number of jobs.
As illustrated in Fig. 2, the OS vector determines the order in
which operations enter the schedule, the MS vector specifies the
machine chosen for each operation, and the FA vector assigns
each job to a single factory.

Feasibility of solutions is ensured by the encoding and decod-
ing rules. The assigned factory of each job is determined by FA,
so all operations belonging to the same job are forced to stay in
the same factory. The machine assignment is controlled by MS,
and the decoding step only allows machines that can process the
corresponding operation. Even when a search operator modifies
the machine index, the index is always restricted to the set
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Algorithm 2: KAHS (z, P).
Input: z, P
Output: =/
: x is composed of 7, 7, and p
: Allocate jobs to each factory f according to 7
: Find the critical factory f_critical
: ope_path < Calculate the Critical Path of f_critical
: Randomly select one O; ; from ope_path
: Change the item at the position corresponding to O; ;
with a randomly selected index in one of the 7, 7, and p
7: A new solution x’ is generated
return 2’
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Fig.3. Illustration of three ways of update in grid archive. The figure illustrates

three scenarios for updating solutions in the feature space after applying the HS
operators. The solution is updated in two scenarios: 1) If the corresponding cell
is empty, the newly generated solution is archived directly to the cell. 2) If the
targeted cell is already occupied, the new solution will only replace the existing
one if it offers a better performance; otherwise, the new solution will be ignored.

of feasible machines. Therefore, the encoding and decoding
scheme prevents infeasible schedules. Furthermore, the specific
decoding process can be found in the supplementary materials.

B. Self-Adaptive Differential Evolution Collaboration and
Mutation Strategy

As shown in Lines 8-9 of Algorithm 1, SADE-QD per-
forms the Self-adaptive Differential Evolution Collaboration
and Mutation Strategy (SADE-CM) to obtain solutions with high
quality and diverse behavioral features. In the pre-evolutionary
stage, SADE-CM focus on expanding the domain of the fea-
ture space using problem-specific knowledge-assisted heuris-
tic search strategy (KAHS), whereas in the mid- to late-
evolutionary stage, DE is utilized to enhance co-mutation of
KAHS.

In the early stage of evolution, the selection of solutions
continues to be conducted from the grid archive with diverse
behavioral features. This aligns with the original intention of
pre-QD to increase the diversity of solutions as much as pos-
sible [46]. While expanding the feature space by continuously
populating the grid with solutions exhibiting novel behavioral
features, we propose the KAHS to enhance the quality of newly
generated solutions. The pseudocode of KAHS is shown in
Algorithm 2.

The essence of using KAHS is to reduce the length of the
Critical Path, and thereby reducing the makespan of job se-
quence. It fully leverages the domain knowledge of DFJSP-T

Algorithm 3: Add _ to_grid(P, X, z, bool).

Input: P, X, x, bool
Output: grid A(includes P and X)

1: Calculate the objective value f(x) and the
corresponding cell coordinate b, of solution x

2:if P(by) = 0 or P(by) > f(x) then

3 Plba)  fl)

4: X(by) < =z

5: end if

to evolve solutions. As shown in Algorithm 2, the process of
KAHS involves three knowledge-assisted heuristics (for 7, 7,
and i, respectively) based on the Critical Path. The Critical
Path refers to the sequence of operations that has the longest
duration. The factory with the longest Critical Path is known as
the Critical Factory [39], [62]. It is crucial that there is no idle
time between adjacent critical operations. The duration of the
Critical Path directly impacts the overall completion time of the
final operation. Before executing the three knowledge-assisted
heuristics, it is necessary to identify the Critical Factory and
its corresponding Critical Path (Lines 2—4). Then, a critical
operation O; ; is selected from the Critical Path, and one of its
attributes—processing machine, operation sequence, or factory
assignment index—is randomly modified (only one is changed
per iteration, Lines 5-6). Specifically, if KAHS is applied to 7, a
operation O; ; is chosen from Critical Path, and the positions of
O;,; and random operation Oy _; are swapped. If KAHS targets
i, the machine assigned to O; ; is randomly selected from the
available machine set. For the 7, the job ¢ associated with O; ;
is swapped with a randomly chosen job ¢’ from a non-critical
factory. Finally, the newly generated solution is then used to
update the current grid archive.

The process of updating the grid archive is straightforward,
with details provided in Algorithm 3. Similar to traditional QD,
The purpose of this update is to populate all cells in the grid
A with top-performing solutions. In Line 1, the value of f(z)
is calculated along with the corresponding cell coordinate b, of
solution x. According to Lines 2-5 in Algorithm 3, if the position
in grid is empty, x is directly stored in the grid. Otherwise, x and
the existing solution in the grid compare their objective values. If
f () is better than the existing solution, z replaces it; otherwise,
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x is discarded. Fig. 3 visually illustrates the process of updating
solutions in the feature space.

An illustration of update is given in Fig. 3, showing how
the proposed algorithm takes the boundary and termination
conditions of the grid as inputs and outputs a diverse set of
solutions. The scheduling decision maker can then select the
most appropriate solution from this set. We apply KAHS to 7,
m, and p as examples and illustrate three different update ways
in the grid archive. After generations of evolution and updating,
the grid archive is gradually populated, which indicates the
acquisition of high-quality solutions with diverse behavioral
features.

After iterating for thousands or even tens of thousands of
generations, most cells in the grid archive become filled. At this
stage, a key issue emerges: solutions located at the edges of the
grid are less likely to be selected as parents, since their pro-
portion in the population decreases. This leads to stagnation in
grid coverage expansion, limiting the discovery of behaviorally
diverse solutions. To overcome this, the paper introduces further
improvements. Inspired by collaborative DE strategies [48], we
propose a self-adaptive DE approach that leverages domain
knowledge to help the algorithm select promising solutions lo-
cated at the edges of the grid archive, guiding the KAHS process
for further solution evolution. This enhances the exploration
of the algorithm while preserving its exploitation. Experiments
in [17], [63] have shown that solutions with fewer job transporta-
tion and machine idle times usually possess greater potential for
improvement and higher quality. Based on this insight, we design
a knowledge-based self-adaptive DE collaboration mechanism,
which is responsible for selecting suitable collaborators before
updating 7, w, and p to enhance both solution quality and
diversity.

To make the collaboration between KAHS and DE truly
adaptive, SADE-QD employs a self-adjusting mechanism based
on the evolution status of the grid archive. In early generation,
the algorithm monitors two indicators: (1) the increase in grid
coverage, and (2) the improvement of objective values within
the archive. When both indicators show clear progress, KAHS
is preferred because the search still benefits from intensive
exploitation around the Critical Path. When grid expansion
slows down and no quality improvement are observed for a
predefined number of iterations, the algorithm automatically
leverages DE-guided operators. In this way, KAHS dominates
the early stage, while DE collaboration gradually becomes the
main driver in the mid and late stages.

The knowledge-based self-adaptive DE collaboration mech-
anism is shown below:

DE/rand-to-T&I-guided-edge/l

Xpew = X + F X (x4 + %x; — 2%,.) 3)
DE/rand-to-T&I-guided-edge/2
Xnew = Xr + F X (X, — %) )
DE/rand-to-T&I-guided-edge/3
Xnew = Xr + F X (X, — X;) 5)

where F' is the scaling factor. x,,.,, denotes a newly generated
solution with guidance. x, indicates a random solution from
the grid archive. x; denotes a solution with minimal job trans-
portation times. To avoid extreme cases, it is randomly selected
from the top 20 solutions with the lowest transportation times in
each generation. Similarly, x; represents a solution with minimal
machine idle times and is also randomly chosen from the top 20
solutions with the lowest idle times per generation.

The proposed DE operators are designed to assist KAHS
for adjusting 7, 7w, and p to improve both the quality and
diversity of solutions by explicitly leveraging problem-specific
features. As shown in Fig. 4, during DE-guided collaboration,
the corresponding vector is extracted from one of the three
vector archives (FA, OS, and MS), while the remaining two
are randomly selected from the assistant archive within the grid.
DE/rand-to-T&I-guided-edge/Iperturbs the factory assignment
vector T, as factory allocation directly affects both job trans-
portation and machine idle times. Suboptimal assignments often
cause excessive inter-factory movement, increasing makespan.
This operator therefore guides the current solution x,. toward a
promising region by combining the behavioral characteristics of
solutions with minimal transportation time (x;) and minimal idle
time (x;). DE/rand-to-T&I-guided-edge/2adjusts the operation
sequence vector 7, which strongly influences transportation
patterns. By directing x, toward x;, which exhibits minimal
transportation delays, the operator encourages the construction
of compact schedules and helps reduce the critical path length.
DE/rand-to-T&I-guided-edge/3refines the machine assignment
vector p, addressing imbalance in machine workloads. Guiding
the solution toward x; helps alleviate bottlenecks and improves
overall machine utilization. After applying the corresponding
KAHS adjustment to 7, 7, or t, anew solution is generated. This
solution is compared with its associated vector archive, which
includes both the current vector and its collaborators (e.g., ¢ is
the collaborator of 7), as well as the assistant archive. If the new
solution outperforms the current one, it replaces it in the archive.
Together, these guided DE operators enhance grid coverage and
promote the generation of high-quality solutions with diverse
behaviors.

V. EXPERIMENTS

This section will provide a detailed performance evaluation
of the SADE-QD for DFJSP-T.

A. Benchmarks of DFJSP-T

In real-world multi-factory machining systems, such as those
used for metal parts production, jobs are often processed across
different factories, and transferring them between sites incurs
additional transportation time. Such settings naturally give rise
to the DFJSP-T problem. This article therefore abstracts the
core decision-making challenges in such environments. Fol-
lowing [39], we constructed all benchmark instances based on
this setting. A total number of 20 instances were tested. For
each instance, 20 independent experiments were conducted,
resulting in a total of 400 runs per algorithm (all experiments
used the same instances). The number of factories was chosen
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Fig. 4.  Collaborative evolution for solutions in the grid archive.

from the set f € {2,3,4,5,6, 7}, with each factory consisting
of 5 machines. The total number of jobs, ¢, varied across the set
10, 20, 30, 40, 50, 100, 150, 200, and for each job ¢, the number
of operations w; was fixed at 5. The processing time for each
operation T; ; r  was within the range [5, 20]. Machines were
considered non-idle due to factors such as machine settings,
cleaning, inspection, and operation transportation, as outlined
in [64]. Additionally, the maximum evaluations for all tests was:
Max_Iter = 200 - >} w;. In practical production scheduling,
decision-makers must define appropriate termination condi-
tions. Whether based on the number of evaluations or other
performance metrics, these parameters can be flexibly adjusted
to meet specific scheduling requirements.

B. Configuration and Evaluation Metric

The experiments were performed on a system running a
64-bit Windows 11 OS, equipped with an Intel Core i7-13790F
processor clocked at2.10 GHz and 16.0 GB of RAM. Python was
used for the algorithm implementations, with the development
carried outin the PyCharm 2023 IDE. We assess the performance
of algorithm using the relative percentage increment (RPI) met-
ric [65], [66]. The RPI quantifies the difference between the
makespan of the current solution and the best-known solution,
defined as:

RPI, = (Ca - Cbest) /Cbest x 100% (6)

where ¢, represents the makespan produced by algorithm a,
and cpes; 1s the minimum makespan found across all algo-
rithms. A lower RPI, value signifies a better performance by
algorithm a.

C. Validation of the QD Optimization for DFJSP-T

The framework of the proposed algorithm is the core concept
of this paper. To validate the effectiveness of the QD opti-
mization, we conducted a dedicated experiment to evaluate the
performance of the SADE-QD. As shown in Fig. 5, we compare
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Fig. 5. Comparison with and without the use of the QD optimization
framework.

the proposed SADE-QD with a variant that does not use the QD
optimization framework (stored in a traditional population way
and does not take into account the diversity of solution features,
denoted as v-QD). As depicted in the RPI box plot of Fig. 5(a),
the overall RPI value of the SADE-QD is approximately 64.3%
lower than that of v-QD, and both the mean and median are also
lower compared to v-QD.

To provide more details on the superiority of SADE-QD over
v-QD across all instances, we further performed statistical exper-
iments: job quantities of 10 and 20 are classified as small-scale
(s) cases, while 30, 40, and 50 are considered medium-scale (m)
cases, and 100, 150, and 200 are designated as large-scale (/)
cases (represented by shades of pink indicating varying depths).
The analysis of the solutions within feature space involved the
following criteria: for solutions better than those of the compared
algorithms, we incremented the count indicated by the red
“Neolor{red} { $\uparrow$ }”’; for solutions that were on par with
the best solutions of comparison algorithms, we added the tally
marked by the blue “~”’; and for cases where solutions obtained
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TABLE II
PARAMETER SETTINGS

SADE-QD |
batch: 100

cells size: NmazXNmaz
N': 2-dimensional

IGSA

ps: 1
destruction size: 2
Temperature: 0.3

DCGA | SPAMA | DQNMA
ps: 100 ps: 100 ps: 100
pe: 0.9 history memory: 30 | batch: 16
pm: 0.15 | reward step: 0.15 experience pool: 512

from SADE-QD were outperformed by the best solutions from
comparison algorithms, we added the count designated by the
green “|\color{green}{$\downarrow$}”.

As shown in Fig. 5(b), in 400 runs, approximately 98.6%
of the solutions obtained by SADE-QD are better than v-QD.
This further validates that incorporating the diversity of solution
features to find solutions is far superior to just storing a group
of solutions.

The superiority of SADE-QD lies in its capacity to produce
a broad range of high-quality solutions, each with distinct fea-
tures. These diverse solutions provide decision makers with a
wider range of choices, which can be better adapted to differ-
ent machines, transportation equipment, and the various needs
of actual scheduling scenarios. SADE-CM strategy guides the
evolution of collaborative solutions in the direction of smaller
features conducive to solution improvement in the later stages of
the iteration. In addition, this characterization of the generated
diversified solutions prevents the algorithm from falling into a
local optimum to some extent. In the developed QD, the objective
function and feature space can be customized according to the
specific scheduling environment, enabling the approach to more
accurately capture key performance indicators of interest. This
flexibility greatly supports the decision-making process.

D. Comparison Experiment and Analysis

This subsection conducted a comparison between SADE-QD
and four prevalent algorithms. The selected algorithms ad-
dress FJSP and related problems: dual population collaborative
GA (DCGA) [23], the IG and simulated annealing algorithm
(IGSA) [3], SPAMA [22], and DQN based memetic algorithm
(DQNMA) [67]. DCGA was chosen because it is based on
the classic GA and represents the latest study on solving FJSP
with transportation constraints. IG and IGSA have shown strong
performance in FJSP, with IGSA being an improved version ap-
plied to FJSP with transportation constraints, which are similar
to the problem addressed in this paper. SPAMA and DQNMA
are modern algorithms for DFJSP with transportation. SPAMA
focuses on collaborative solutions, while DQNMA utilizes deep
reinforcement learning techniques, representing the state-of-the-
art in this field. All algorithms were implemented following
their original descriptions, using the encoding and decoding
schema of SADE-QD. The objective value calculations were
adapted for other algorithms, and their strategies were modified
to solve DFJSP-T. Table II presents the main parameters for all
compared algorithms. Notably, SADE-QD had fewer parameters
compared to the other algorithms. We conducted an independent
evaluation of the DE scaling factor F. As shown in Fig. 6,
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Fig. 6. Comparison of different scaling factor F' settings.
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Fig. 7. Comparison among SADE-QD and other algorithms.

the smallest average objective value across all instances was
achieved when F=0.6. For all algorithms except IGSA, the batch
size, analogous to the population size ps, was fixed at 100.

Table IIT shows the performance results for all algorithms
under comparison. We evaluate the RPI, MEAN, BEST, and
standard deviation (STD) metrics. The symbol f denotes a
statistically significant difference between SADE-QD and the
other algorithms. It is evident from Table III that SADE-QD out-
performs other algorithms across all instances, with significant
differences observed in each comparison. A box plot and winrate
pie charts are utilized to visualize the distribution of solutions
based on these results. To assess the statistical significance of
the performance differences, a Friedman test with a significance
level of a = 0.05 was conducted across all instances. As shown
in Fig. 7, the boxplots reveal that SADE-QD exhibits the lowest
median and mean RPI values among all algorithms, together
with the smallest interquartile range. This indicates both superior
performance and high consistency. In contrast, the other four al-
gorithms show larger medians, wider spreads, and more outliers,
suggesting greater variability and inferior solution quality.

In addition to the boxplots, Fig. 7 also presents two pie charts
that summarize the win percentage across all test comparisons.
The upper pie chart excludes SADE-QD and reports the win
counts among the remaining four algorithms. In this case, no
single method dominates: DQNMA wins 179 tests, SPAMA
wins 141 tests, and DCGA wins 95 tests, indicating a relatively
balanced competition when the proposed algorithm is removed.
The lower pie chart incorporates SADE-QD into the comparison.
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TABLE III
NUMERICAL RESULTS OF ALL COMPARISON ALGORITHMS

RPI MEAN BEST STD
Instance | SAHE D DCGA IGSA SPAMA DQNMA |SADE-QD DCGA IGSA SPAMA DQNMA [SADE-QD DCGA IGSA SPAMA DQNMA [SADE-QD DCGA IGSA SPAMA DQNMA
1012F | 007 0357 047f 034f  035f 972 12240 13395 122.15 123.05 91 10 122 111 106 | 2745 7096 5862 4030 5916
2002F | 003  020f 038f 0.19f 0.8f | 18035 20940 241.10 207.85 20655 | 175 188 223 195 190 | 2254 13248 9375 5905  6.549
2003F | 0.03 028t 049t 026t 026t | 1297 16145 18720 15845 15820 | 126 144 177 152 148 | 2250 8900 7.317 455 5764
3012F | 003 015t 033f 0.14f 015t | 2616 293.10 33835 289.65 29110 | 254 269 311 275 279 | 2854 13345 13743 7307 5982
30I3F | 003 021F 045f 016t 0.6t | 18205 21375 25545 204.50 20425 | 176 194 236 194 198 | 2685 9968 9417 4513  4.621
4012F | 0.03 013t 032t 014t  0.12f | 34095 37675 439.15 37970 372.65 | 332 352 403 369 356 | 3927 12578 13812 5243 7.922
4013F | 002 017t 040f 0.14f  0.14f | 24035 27510 328.15 267.05 26750 | 235 253 314 257 254 | 2961 9408 9.544 59690 6420
40J4F | 002 026f 048F 0.6  0.16 187 22975 27025 213.00 21295 | 183 213 252 204 200 | 2714 9031 9.014 3880 4407
SOJ3F | 0.01  0.16f 035 0.10f  0.10f | 2962 338.85 30400 321.85 32245 | 292 21 373 305 303 | 2441 12500 12342 9444 7.997
SOJ4F | 002  021F 043f 0.15f 0.3f | 228.65 272.00 322.85 25860 255.10 | 225 251 299 246 246 | 3216 10819 9783 5698  5.139
S0JSF | 0.03  024f 053f 017  0.17f | 18935 22865 281.00 21540 21515 | 184 215 259 208 208 | 2540 9337 10.657 3747 5363
100J4F | 002 0.14f 037t 0.0  0.08f | 439.65 49400 59120 474.15 46870 | 432 467 564 458 453 | 3.167 15871 16745 8.197 8367
10055F | 0.01 0161 040t 008t 009t | 359.05 41125 49735 38495 38585 | 355 399 466 373 375 | 2114 9678 18015 5306  7.206
100J6F | 0.02 0241 050t 016t 0.16f | 29255 35640 43325 33430 33360 | 288 338 411 314 318 | 2235 13068 11285 7.568  6.402
10057F | 0.02 0161 040t 015t 015t | 28535 323.05 30085 32125 32060 | 279 299 375 308 308 | 3183 11014 11032 6576 6652
150J5F | 0.02 018t 041t 015t  0.13f | 5044 587.00 701.65 570.50 56295 | 496 567 665 558 547 | 3.899 13992 20466 8.192  8.835
150J6F | 0.01 007t 030t 001f 001f | 47875 507.95 61620 480.30 481.65 | 475 486 581 457 470 | 2337 17647 13976 8945 6226
IS0)7F | 0.01  0.09f 0341 0.11f  0.10f | 413.6 44750 54925 45555 45125 | 409 428 525 439 431 2854 11086 16.105 10257 10417
20006F | 002 0.06f 0291 0.11f 0.10f | 6256 65295 792.10 684.35 678.55 | 616 634 754 642 655 | 4547 12784 19344 15932  15.000
20007F | 001  0.09f 031f 0.11f 0.11f | 54385 586.55 70520 593.70 594.60 | 537 564 664 566 569 | 2961 18429 14771 13985 15816
AVG | 0023 0.178 0398 0.147 0.143 | 313.81 35439 42343 34686 34534 | 308 3346 3987 33155 3307 | 2.894 11990 12.630 7263  7.550

Friedman’s two-way analysis of variance by ranks

2.830 1.000 4

Difference | 2.160 2.110 1.830 0.000

DCGA IGSA

SPAMA  DQNMA SADE-QD

Fig. 8.  Friedman Test of all comparative algorithms.

Here, SADE-QD achieves 389 wins in all tests, while the best-
performing competitor wins only 8 tests. This overwhelming
dominance further confirms that SADE-QD consistently out-
performs all competing methods across almost all instances.

The pairwise p-values obtained from the Friedman test con-
firm these observations. For each comparison involving SADE-
QD, the p-values are below 0.05, indicating statistically signif-
icant differences. This reflects that the improvements achieved
by SADE-QD are not due to random fluctuations but arise from
meaningful algorithmic advantages. Fig. 8 further illustrates the
average ranks and differences among all algorithms: SADE-QD
consistently ranks 1st, while the remaining algorithms obtain
larger ranks. Although DQNMA ranks 2nd, its performance is
still statistically worse than SADE-QD (p < 0.05).

To illustrate the differences between the algorithms from
multiple perspectives, error bar charts with a 95% confidence
interval are presented. These visual representations offer a
deeper insight into the reliability of results. Fig. 9 shows the
comparison of RPI values across different numbers of factories
for all algorithms, as well as the win rate of SADE-QD. Com-
pared to other algorithms, SADE-QD consistently exhibits lower
mean and median values, indicating more stable solutions with
fewer outliers. When SADE-QD is excluded from the compar-
ison, DQNMA and SPAMA perform the best. However, when
MAP-Elites is included, it consistently produces the optimal
solution across all test instances. These findings underscore the
effectiveness of the proposed method, highlighting its superior
performance and reliability in producing robust and optimal
solutions across various scenarios.

SADE-QD achieves the best performance in terms of RPI,
MEAN, BEST, and rank, while also presenting the lowest STD

values across runs. These advantages stem not only from the
exploration capability of the QD framework but more impor-
tantly from the intrinsic synergy introduced by the SADE-CM
strategy. In the early evolutionary stage, the critical-path-based
KAHS provides knowledge-driven exploitation by selectively
modifying 7, 7, or x on critical operations. This directly elim-
inates scheduling bottlenecks such as long waiting sequences,
inefficient factory assignments, or imbalanced machine loads.
Such targeted improvements cannot be achieved by random
variation operators, allowing SADE-QD to accelerate makespan
reduction by systematically shortening the Critical Path from the
outset.

As evolution progresses and the archive becomes densely
populated, exploration gradually loses its ability to expand the
feature space. This leads to a risk of stagnation. At this stage,
the self-adaptive DE collaboration becomes essential. The algo-
rithm uses solutions with minimal transfer and machine idle
times as directional guidance. The DE/rand-to-T&I-guided-
edgeoperators introduce controlled and knowledge-based per-
turbations. These perturbations move solutions toward promis-
ing regions. At the same time, they preserve feasibility. This
mechanism helps maintain diversity at the boundaries of the
feature space. Traditional operators rarely generate offspring in
these regions, so the guided DE strategy becomes important. It
enables the discovery of novel behavioral patterns and improves
grid coverage and solution quality. The alternating cycle of
KAHS exploiting the Critical Path and DE-guided collaboration
expanding the feature-space frontier creates an adaptive balance
between exploration and exploitation. This balance explains the
superior performance, robustness, and stability of SADE-QD
across all benchmark instances.

This work explores the main advantage of the proposed al-
gorithm over existing optimization methods: its ability to yield
diverse and high-performing solutions. This raises the question:
within the feature space, how many solutions outperform those
generated by the compared algorithms, and what is their pro-
portion? To this end, we conducted the following statistical ex-
periments: pairwise comparisons between SADE-QD and other
algorithms, including DCGA, IGSA, SPAMA, and DQNMA.
The experimental setup was the same as in Section V.C. Fig. 10
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Fig. 9. Comparative analysis of SADE-QD and other algorithms across different factory settings.
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Fig. 10. Summary of the statistic for solution quality comparisons between SADE-QD and other algorithms under different scale instances.

shows that within the feature space, the solution set derived by
SADE-QD contains 74.8% to 89.8% of solutions with quality
superior to the best solutions found by the comparison algo-
rithms, and these solutions exhibit a diverse range of behavioral
characteristics. Only 10.2% to 24.6% of the solutions are inferior
to the best solutions of the comparison algorithms. This confirms
that QD optimization not only yields better solutions but also
provides a more diverse range and a greater number of superior

solutions.

To illustrate the distribution within feature space and

12 16 20 24 28 32 36 40
num_idle

(a) 2012F

Fig. 11.

num_trans

27 3% 45 54 63 72
num_idle

(b) 50J4F

250 &

108

72 %
num_idle

(c) 100J6F

The grid returned by SADE-QD in three instances.

explore how features affect solution quality, we selected
three instances—20J2F (small), 50J4F (medium), and 100J6F
(large)—and visualized the grid in Fig. 11. The x-axis corre-
sponds to the number of machine idle times, while the y-axis

indicates the number of operation transfers. The color intensity
of each cell in the grids indicates the corresponding makespan
value, with darker colors representing larger makespan values.
It is observed that higher numbers of machine idle times or
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TABLE IV Box plotof RPLs
among all compared algotithms
NUMERICAL RESULTS OF ALL VARIANTS 1 Win%, excluding SADE-QD
— medin o
030 4 == mean
RPI MEAN BEST

Instance g3 SE 0D V.CM V-DE | SADE-QD  V-CM V-DE | SADE-QD V-CM__ V-DE

1012F | 0064  0322f 0080f | 958 11895 972 91 1 90 025 -

2012F | 0031 0.157f 0031 | 17535 1967 1753 170 186 170

203F | 0040  0261F 0069 | 124.85 1513 1283 120 143 123 400
3002F 0057 0151 0055 | 25465 2773 2542 248 266 241 020 4

3013F | 0.046  0.190f 0050 | 1768 2011 1775 170 189 169

4012F | 0029 0.116f 0036 | 33345 36165 33555 324 349 325 Win%, including SADE-QD
4003F | 0033 0142 0.044f | 2345 2592 2371 227 247 230 0.15 - . 12

4004F | 0041 0.113F 0048 | 18215 19485 18335 175 189 177

SOI3F | 0033 0.128F 00447 | 2893 3158 29245 283 303 280

SOJ4F | 0034 0080 0053 | 2233 23335 22745 216 28 221 0.10 4

SO0ISE | 0039 0.188f 0.065f | 1767 202 181 170 196 174

100014F | 0020 0084t 0.035f | 4142 44015 4204 406 428 412

100JSF | 0.031  0.117f 0.045f | 337.1 3651 3416 331 357 327 0.05 4

100J6F | 0022 0.120f 0.041f | 287.15  314.684 2925 281 305 286

100J7F | 0.013 0123t 0.036f | 2805 31095 28695 277 306 282 3l6

1505F | 0012 0076t 0.025f | 49895 5304 5053 494 516 493 0.00 +——qp T .

150J6F | 0.011 02067 0.150f | 421.65 503 479.6 417 493 469 ® ok % EEE SADE-QD  mmm V-DE
I5007F | 0.011  0.087f 0.025f | 4083 439 4139 404 431 406 SAOY W - V-eM

20006F | 0.019 0073 0.033f | 61875 65115 62695 612 644 615

20007F | 0017 0079t 0037 | 53705 5695  547.35 528 563 534

AVG 0.030 0.141  0.050 | 303.525  331.807 310.198 297.2 322,55 3012

operation transfers (the right region of the graphs) generally
lead to larger makespan values (darker colors). Therefore, de-
vising search strategies that perturb the order of solutions to
generate solutions with different feature values can effectively
improve the makespan. Additionally, the red squares in the grids
indicate the positions of the best objective values. For the small,
medium, and large-scale instances, the corresponding minimum
makespan values are 172, 213, and 288. These optimal values
mainly appear in the upper-left or central region of the grids
in Fig. 11, rather than the right region, further supporting our
previous conjecture.

E. Ablation Analysis

To evaluate the impact of different components in SADE-
QD, we compare it against two variants: 1) V-CM, which
omits the SADE-CM strategy, and 2) V-DE, which excludes
the self-adaptive DE strategy. The results for SADE-QD and
its variants are presented in Table IV. Besides RPI, we report
the mean (MEAN) and best (BEST) makespan values across
20 runs for each instance. The final row (AVG) represents the
overall average across all instances, with the best values are
marked in ‘bold’. ‘J’ and ‘F’ denote the number of jobs and
factories, respectively. As indicated in Table IV, SADE-QD
consistently surpasses both V-CM and V-DE, achieving 95%
(19/20) of the best RPI values, whereas V-CM and V-DE achieve
0% (0/20) and 5% (2/20), respectively. For both MEAN and
BEST values, SADE-QD achieves 90% (18/20) and 70% (14/20)
of the minimum values, respectively. The AVG values further
confirm the superior performance of SADE-QD, yielding the
best RPI (0.03), MEAN (303.525), and BEST (297.2) among all
algorithms, indicating the effectiveness of both components. To
assess whether the performance differences between SADE-QD
and its variants are statistically significant, we conducted a
Wilcoxon signed-rank test at a significance level of o = 0.05. In
Table IV, the symbol { indicates that SADE-QD significantly
outperforms the variants, with most of p-values below 0.05,
confirming the statistical significance of the results.

To illustrate the distribution and performance differences
among the solutions, we present box plots and win rate pie
charts based on RPI values. As shown in Fig. 12, SADE-QD
consistently achieves the best values, demonstrating its superior

Fig. 12.  Comparisons among SADE-QD and its variants.

performance. In the absence of SADE-QD, V-DE wins100%
of the outcomes. This indicates that SADE-CM, plays a critical
role in enhancing the performance of the algorithm. In contrast,
removing only the DE strategy (which is primarily responsible
for guidance) has a less pronounced impact than SADE-CM, but
it still contributes to improving the overall performance of the
algorithm. Notably, when the complete SADE-QD is incorpo-
rated, it outperforms both V-CM and V-DE in approximately
74% of cases, further confirming its effectiveness in optimizing
DFISP-T.

The superior performance of SADE-QD can be attributed to
its QD optimization modeling. Incorporating job transfers and
machine idle times as feature dimensions within the feature
space effectively promotes solution diversity, preventing pre-
mature convergence to local optima. QD optimization ensures
a broad exploration of the solution space, maintaining diversity
throughout the search process. The improvement observed with
the inclusion of SADE-CM is likely due to its domain knowledge-
based DE operators, which facilitate the discovery of diverse
and high-performing solutions for DFJSP-T. The combination
of diversity maintenance and targeted perturbations applied to
the FA, OS, and MS vectors enhances the exploration abilities,
leading to superior scheduling outcomes.

F. Discussion

This section presents our findings on the solution update
process using SADE-QD. We selected all these instances and
recorded the number of successful updates for each feature
space cell. A successful update for a cell occurs when a newly
generated solution is either placed directly into the cell or
replaces an existing solution due to having a better objective
value. Successful updates can originate from either the solution
within the cell itself or its neighboring solutions. Fig. 13 shows
the percentage of successful updates contributed by the solutions
themselves and their neighboring solutions. As illustrated in
Fig. 13, neighboring solutions contribute significantly more
successful updates compared to the solutions themselves. This
finding highlights the importance of co-evolution facilitated by
QD optimization. One of the primary assumptions of QD is
that evolving a set of solutions is generally more effective than
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Fig. 13.  Percentage of successful updates in all instances.

evolving each solution independently [46]. Our experimental
results confirm that this assumption holds true in our context.

VI. CONCLUSION AND FUTURE WORK

This paper presents the SADE-QD for addressing the DFJSP-
T. Unlike conventional optimization methods, SADE-QD gen-
erates a set of high-performing solutions with diverse behaviors,
offering greater flexibility for decision-makers. In the early
stages of iteration, SADE-QD focuses on exploring solutions
with diverse behaviors. In the later stages, once a sufficiently
diverse set of solutions has been discovered, the self-adaptive
differential evolution strategy intentionally guides the search to-
ward more promising regions of the feature space by leveraging
solutions with better-performing features.

The results demonstrate that SADE-QD provides significant
advantages over other optimization methods. The solutions ob-
tained by SADE-QD outperform those generated by state-of-
the-art algorithms in 74.8% to 89.8% of instances, validating
its effectiveness. Furthermore, analysis reveals that neighboring
solutions play a key role in successful updates, emphasizing the
importance of co-evolution in the optimization process.

The application of SADE-QD optimization in DFJSP-T opens
several promising avenues for future research. One potential
direction is expanding the feature space to incorporate additional
industrial constraints and operational characteristics. Further
exploration is needed to assess the scalability of QD optimization
in more complex multi-objective scheduling problems. Addi-
tionally, future work could investigate the integration of QD
with advanced techniques such as evolutionary strategies [68],
reinforcement learning [17], [69], and neural networks [70] to
further enhance its performance and adaptability in real-world
scheduling applications.
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